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ABSTRACT
The importance of two-body relaxation in cosmological simulations is explored with
simulations in which there are two species of particles. The cases of mass ratio
√
2 : 1
and 4 : 1 are investigated. Simulations are run with both a fixed softening length
and adaptive softening using the publicly available codes GADGET and MLAPM,
respectively.
The effects of two-body relaxation are detected in both the density profiles of halos
and the mass function of halos. The effects are more pronounced with a fixed softening
length, but even in this case they are not so large as to suggest that results obtained
with one mass species are significantly affected by two-body relaxation.
The simulations that use adaptive softening are slightly less affected by two-body relax-
ation and produce slightly higher central densities in the largest halos. They run about
three times faster than the simulations that use a fixed softening length.
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1 INTRODUCTION
The Cold Dark Matter (CDM) model for the formation of
cosmological structure has enjoyed considerable success over
the last decade and a half. Recent results from the PSCz sur-
vey (Hamilton & Tegmark 2000) underline the ability of this
model to account successfully for observations of the distri-
bution of galaxies and the structure of rich galaxy clusters
within constraints set by measurements of the cosmic back-
ground radiation, the theory of primordial nucleosynthesis
and observations of distant type Ia supernovae.
By contrast with these successes where large-scale phe-
nomena are concerned, there are serious doubts as to
whether the CDM model is compatible with the internal
structures of galaxies. Three main areas of diculty have
been identied. One is that the theory predicts that a galaxy
halo like that of the Milky Way should contain at least an
order of magnitude more satellite objects than are actually
detected (Klypin et al., 1999; Moore et al., 1999). Another
concerns the shapes of the rotation curves of dwarf galax-
ies, which are predicted to rise more steeply near the nuclei
that observations seem to imply (de Blok et al. 2001; van
den Bosch & Swaters 2000). A third area of diculty arises
because the theory predicts that at least half of the matter
that lies closer than the Sun to the nucleus of the Milky Way
should be dark matter, whereas both microlensing measure-
ments (Binney, Bissantz & Gerhard 2000) and the dynamics
of fast-rotating bars such as that in the Milky Way (Debat-
tista & Sellwood 2000) imply that probably no more than 10
per cent of the mass interior to the Sun is non-dissipative.
These diculties with the otherwise so successful CDM
model have elicited a large number of proposed solutions,
ranging from fundamental changes to the assumed proper-
ties of the dark-matter particles (Spergel & Steinhardt 2000)
to speculation that baryons have fundamentally restructured
the cores of dark-matter halos (Ostriker & Tremaine 1999;
Binney, Gerhard & Silk 2001). A solution to the problem
of over-production of satellite objects can be obtained by
relaxing the assumption that the dark-matter particles are
initially cold: if the particles have non-negligible random ve-
locities at early times, free-streaming will smooth out small-
scale density fluctuations before they have a chance to be
amplied by gravity, with the result that small objects form
in smaller numbers and later than they do in the standard
CDM model (Moore et al. 1999; Bode, Ostriker & Turok
2000; Knebe et al. 2001a). An interesting conclusion of the
Warm Dark Matter (WDM) simulations that demonstrate
this eect is that the radial density proles of the halos that
do form are essentially the same as those that form in CDM
simulations. In particular, they have cuspy centres, so WDM
solves neither the problem posed by dwarf-galaxy rotation
curves, nor the problem of too much dark matter inside the
Solar circle.
It is prima facie surprising that halos are as cuspy in
WDM simulations as in CDM simulations, for a connection
is often drawn between the cuspiness of CDM halos and the
signicant high-k power in the power spectrum, P0(k), ap-
propriate for CDM initial conditions. If cuspy proles were
really related to the small-scale power in P0(k), WDM ha-
los would be less cuspy, for the whole eect on the initial
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conditions of going from CDM to WDM is to smooth away
the high-k power in P0(k). If the cuspiness of halo mass pro-
les does not arise from high-k power in the input spectrum,
what is responsible for it? A possibility that requires careful
investigation is that cuspiness is an artifact introduced at
early times by spurious two-body relaxation in simulations,
which have vastly fewer particles than comparable sections
of the real Universe. Circumstantial evidence that we should
worry about this possibility comes from the observation that
cuspy proles are only obtained when the smoothing kernel
used to calculate gravitational forces from particle positions
is hard. In fact, Knebe, Green & Binney (2001) show that
for the values of the softening parameter that yield cuspy
proles, the net gravitational force on a particle is often
dominated by the force from its nearest neighbour prior to
the virialization of the smallest modelled scales are virial-
ized. This circumstance is worrying, because the essence of
collisionless dynamics is that the forces acting on each par-
ticle reflect the mean density eld rather than the chance
location of a neighbour. Moreover, large forces from neigh-
bours can aect the dynamics of particles more strongly at
early times, when random velocities are small and thus force
contributions are relatively slowly changing.
The standard way of determining the signicance of
two-body relaxation for a simulation is to include parti-
cles of more than one mass: if the simulation is collisionless,
the nal distributions of the particles will be independent
of mass, whereas the more massive particles will tend to
sink to the bottoms of potential wells if two-body relaxation
is signicant. Since no results from multi-mass cosmologi-
cal simulations have appeared, we present here the results
of such experiments. The experiments were conducted with
two radically dierent simulation codes, the tree-code GAD-
GET (Springel, Yoshida & White 2000) and the adaptive
multigrid code, MLAPM (Knebe et al. 2001b). We detect
the eects of two-body relaxation in results produced with
both codes. However, the magnitude of the eect is not so
large as to suggest that the cuspiness of dark-matter halos
is generated by two-body relaxation. We argue instead that
cuspiness arises from violent relaxation, and will invariably
arise when gravity causes any particles to cluster collision-
lessly in a cosmological context.
2 INITIAL CONDITIONS
The standard procedure for initializing a cosmological sim-
ulation involves placing particles on the vertices of a regular
grid, and then displacing them by amounts calculated from
the Zel’dovich approximation (e.g., Efstathiou et al. 1985).
This technique does not lend itself to use of multiple par-
ticle masses with mass ratios nearer unity than 8 : 1. An
alternative strategy for setting up simulations, which does
allow one to use arbitrary mass ratios, is the glass technique
(White 1996). This involves scattering particles at random
over the computational volume, and then moving them for
some time under the influence of a ctitious repulsive grav-
ity. The motion of particles away from one another flattens
out Poissonian density inhomogeneities of the initial distri-
bution. Once a suciently uniform density distribution has
been achieved, the Zel’dovich approximation is again used
Figure 1. Power spectra of the initial particle distributions.
to introduce the cosmic power spectrum by displacing each
particle slightly.
We used the glass technique to generate two sets of
initial conditions in a box 15 h−1 Mpc on a side, one for
particles of mass m and
√
2m, and one for masses m and
4m. In each case the number of particles of each species
was the same, 643/2, with the result that the more massive
species accounted for 59 per cent and 80 per cent of the total
mass in the two cases. Fig. 1 shows the power spectra of the
various particle distributions after the glass had formed and
had had the cosmic power spectrum imposed on it. Each
curve shows the power spectrum of a number density. On
large scales (low k) this is dominated by the cosmic power
spectrum. On smaller scales one sees dierences between the
distributions of light and heavy particles that arise during
glass formation. In this process the heavy particles move
away from one another and become anti-correlated on small
scales { this accounts for the heavy dashed curve being at
the bottom in Fig. 1. The light particles also move away from
the heavy particles, and are inconsequence squeezed into a
sheets and laments that lie between the heavy particles.
Since the light particles are pushed together, they tend to
be highly correlated on small scales, with the consequence in
the gure that the dot-dashed curve is on top. These eects
are naturally less pronounced for masses in the ratio
√
2 : 1
than in the ratio 4 : 1. The full curves show that the power
spectrum for the distribution of all particles, irrespective of
mass, is very similar for the two mass ratios.
3 RESULTS
We evolved the particle distributions that are described by
Fig. 1 in a standard CDM cosmology from redshift z = 35
to the current epoch using both the tree code GADGET
(Springel et al. 2000) and our own multigrid code, MLAPM
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Figure 2. Density profiles of the two most massive halos in four simulations. Each column shows results for one of the halos. Full
histograms show the number density of the less massive particles, and dashed histograms show the number density of the more massive
particles.
(Knebe et al. 2001b). The essential dierence between these
codes is that whereas GADGET uses a xed gravitational
softening length, which we set to 5h−1 kpc to make it agree
with the highest resolution reached in our code, MLAPM
softens gravity adaptively so as to provide a compromise be-
tween enhanced force resolution and reduced particle noise
in the force-eld. The code operates by rening the grid on
which it solves Poisson’s equation whenever the density ex-
ceeds a critical value ρref , typically set to 8 particles per cell.
For these experiments the density compared to ρref was not
the density of gravitating mass, but the number density of
particles, irrespective of their mass.
Fig. 2 shows the number-density proles of the less and
more massive particles of the two most massive halos to
form in the simulations. For each halo four pairs of proles
are shown, corresponding to the two mass ratios and two
codes. Since the full curves that show the prole of the less
massive particles always lie below the dashed curves, mass
segregation is clearly detected. The eect is slightly more
pronounced for the halo shown on the left than for that
shown on the right. The main dierence between the results
obtained with the two codes is that MLAPM produces a
central density that is up to a factor 2 larger than that
produced by GADGET, and mass segregation is detectable
to larger radii in the proles produced by GADGET.
The eects of two-body relaxation on the less massive
halos in the simulations is examined by Fig. 3, which shows
for the four simulations the numbers of halos formed that
contain each particular number of particles (irrespective of
particle mass). Increasing the mass ratio has the clear eect
of reducing the number of small halos, the eect being most
marked in the GADGET simulations. The eect, which is
compatible with enhanced loss of particles from halos by
evaporation, becomes unmistakable below about 100 parti-
cles per halo.
Fig. 4 claries what is going on by plotting as a func-
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Figure 3. Mass functions from the simulations. The friends-of-
friends algorithm has been used. The ordinate shows the number
of particles in each object, not the total mass.
Figure 4. Ratio of the number of light to heavy particles in halos
as a function of the total number of particles in the halo.
tion of total particle number the ratio of the number of light
to heavy particles. Since in the simulation as a whole there
are equal numbers of particles of each species, this ratio
would ideally be unity, independent of total particle num-
ber. Above ∼ 200 it is indistinguishable from unity, but for
the smallest halos there is a clear tendency for low-mass
particles to outnumber the more massive ones. This is per-
haps surprising, as two-body relaxation should lead to low-
mass particles being preferentially lost from small halos by
evaporation. The initial conditions, in which the low-mass
particles are most clustered, bias particle numbers the other
way, however, especially for the smallest halos. Thus, the
smallest halos start with an excess in the number of low-
mass particles, and two-body relaxation cannot always re-
verse this bias. Two-body relaxation is most important in
the GADGET simulation with mass ratio 4 : 1, and for this
simulation low-mass particles are indeed scarcer than high-
mass ones in halos with total particle number in the range
10 < N < 1000. In the MLAPM simulations two-body re-
laxation is unable to reverse the bias towards low-mass par-
ticles in the initial conditions. In part this will be because
these small halos are located in low-density regions, where
MLAPM’s force resolution remains close to the initial inter-
particle separation; renements, and hence a higher force
resolution, only occur in high-density regions.
4 DISCUSSION
Simulations of cosmological clustering with two mass species
have been used to explore the importance of two-body relax-
ation in general cosmological simulations. In the two largest
halos that form in our simulations, mass segregation is a
small but detectable eect in the sense that the dierence
in the central densities of particles with masses in the ratio
4 : 1 is comparable to the dierence in the central densities
obtained for any one species with the two codes (about a
factor 2).
The eect of multiple masses on the size distribution
of the halos produced is complex, because the initial condi-
tions cluster the light particles more than the heavy ones.
Consequently, in the absence of two-body relaxation, the
lowest-mass halos would each have more light than heavy
particles. Two-body relaxation counters this tendency to the
extent that in the simulations with the most two-body re-
laxation, there is a tendency for small halos to contain more
heavy than light particles. The ejection of particles from
halos by two-body relaxation depresses the number of ha-
los with small numbers of particles by up to a factor 1.5 in
extreme cases.
We have run each simulation twice, once with GAD-
GET, which uses a small, xed softening length, and once
with MLAPM, which smooths adaptively. There are clear
indications that two-body relaxation is more important in
the GADGET simulations, as one would expect. Nonethe-
less, the MLAPM simulations yielded the larger densities at
the centres of the two most massive halos.
The major dierence between the GADGET and
MLAPM simulations was one of computational cost: using
a small softening length everywhere increases the time re-
quired to run a simulation, both because it increases the
cost of evaluating forces, and, more importantly, because it
forces one to smaller timesteps. Quantitatively, the present
GADGET simulations took longer than the corresponding
MLAPM simulations by a factor about three. Since the qual-
ity of the scientic output from an N-body simulation is
always limited by the number of particles employed, and
most simulators are more limited by the availability of com-
puter time than computer memory, the dierent speeds of
our simulation amounts to a strong case for the use of adap-
tive softening of the type that MLAPM, and certain tree
codes (Dehnen 2000) provide.
The equipartition time, on which mass segregation de-
velops, is faster than the two-body relaxation time by
roughly the ratio masses of the particles. By contrast, the
core-collapse timescale, on which the central density of a
halo is increased by two-body relaxation, is typically tens
to hundreds of two-body relaxation times (e.g., Binney &
Tremaine 1987). Hence, our nding that mass segregation is
a marginal eect for mass ratio 4 : 1, strongly suggests that
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the cuspiness of dark-matter halos in simulations is not an
artifact produced by two-body relaxation.
If the cuspiness of halos is not caused by high-k power in
the input spectrum, as experiments with WDM show, and
not produced by two-body relaxation as we have argued,
what is its origin? It must result from violent relaxation:
in the absence of high-k power, the quasi-linear regime will
continue until massive objects are ready to virialize. These
will collapse by large factors because they will collapse from
smooth and symmetrical initial conditions. Numerical exper-
iments long ago established that the peak density in the nal
virialized entity is comparable to the peak density achieved
during collapse (Doroshkevich & Klypin 1981; van Albada
1982). Hence, there is an argument for less high-k power
giving rise to higher central densities.
In the presence of high-k power, violent relaxation will
be unimportant for the formation of massive objects: these
will form hierarchically through a series of mergers, and their
cores are likely to be dominated by material that virialized
early on as part of a low-mass object. The insensitivity of
density proles to the initial power spectrum must be the
result of a conspiracy, which ensures that as high-k power
is smoothed away, the loss of high-density seeds from early
virialization is counteracted by an increase in the eective-
ness of violent relaxation at late times. The bottom line is
that cuspy density proles must be considered inevitable so
long as structure formation is dominated by a collisionless
fluid.
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